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ABSTRACT

In this paper we describe a novel architecture for high speed sig-
nal processing applications. The respective hardware accelerator
is designed to support a certain class of algorithms. The chosen
class is based on a special kind of matrix transformation that could
be efficiently implemented in terms of CORDIC modules. A con-
sistent notation is presented to ease the process of mapping signal
processing algorithms to the considered hardware. It is also shown
how to implement complex valued arithmetic with less growth of
complexity compared to standard techniques. Some algorithms are
examined to illustrate the potential of our approach.

1. INTRODUCTION

A lot of modern signal processing applications require such a high
computational power that only ASICs can fulfil the technical de-
mands. Unfortunately, ASICs are inflexible, costly (development
and debugging) and only economical for mass-products. As a
consequence, system designers are striving to replace specialized
hardware solutions with software based solutions as, e. g., devel-
opments in the field of software radio demonstrate.

Due to the fact that even the most commonly used programm-
able devices, i. e. DSPs, often lack of enough processing power,
one tries to develop a solution that lays somewhere in between
the two extrema programmable signal processing and dedicated
hardware. The efforts in this area are summarized under the term
reconfigurable computing.

Some already available reconfigurable solutions tend to be as
flexible as microprocessors but with the focus on streaming signal
processing. This general purpose-like orientation often yields to
high power consumption and poor area efficiency.

Therefore, here the idea is to identify a class of algorithms and
to develop a reconfigurable hardware accelerator structure that is
optimized to support this very subset of algorithms used in digital
signal processing applications.

Most of the digital signal processing algorithms stem from
the same mathematical roots, namely linear algebra. Therefore,
a promising candidate for such a class of algorithms comes from
the area of matrix based algorithms. We will restrict ourselves to
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such a class and will present a framework of how to implement the
algorithms on a specialized reconfigurable hardware structure.

The paper is organized as follows. First, we will introduce a
definition of what we understand by classes of algorithms. Then
we will declare a notation that makes it easier for us to write down
the considered algorithms in a structured manner. In section 4 the
actual hardware implementation of a processor element that serves
as a basic algorithmic unit will be described. Section 5 will give
an overview of the concept of the hardware accelerator that builds
a frame the processor elements are embedded into.

2. CLASSES OF ALGORITHMS

A class of algorithms as it is understood in this paper is the set
of algorithms that fundamentally are based on a finite set of non-
elementary basic arithmetic and/or logic operations. If we choose
e. g. the dot product of two vectors as the basic arithmetic opera-
tion of a certain algorithmic class, the following algorithms would
be members of this class: cross-correlation calculation, autocorre-
lation calculation, FIR filtering, Matched filter receiver.

Now, if an efficient hardware implementation for the basic op-
erations is found, the processing of the whole class of algorithms
can be speed up compared to architectures that can cope with ar-
bitrary algorithms. One can say that we are trying to introduce as
much reconfigurability as needed but as less as it is possible.

In modern digital signal processing, most of the used algo-
rithms or techniques can be viewed as applied linear algebra. Fur-
ther on, most of these algorithms can be described in terms of ma-
trix computations. Thus, we identify a class of algorithms that
is based on the basic arithmetic operation 2�2 orthogonal/linear
matrix transformation.

3. NOTATION

For a simplified and structured notation of the used algorithms we
introduce a matrix manipulation operator Mi;j . Application of
operatorMi;j to am�n matrixXwith elements xj;i at row j and
column i is actually a matrix multiplication: Mi;jfXg = MX,
where M is of suitable size. Four different operator modes are
defined: (1) linear evaluation, i. e. evaluate and apply a Gaussian
transformation such that xj;i becomes zero, (2) orthogonal evalua-
tion, i. e. evaluate and apply a Givens transformation such that xj;i
becomes zero, (3) linear application and (4) orthogonal applica-
tion. Note that modes (3) and (4) require an additional parameter



� that is denoted by a superscript ofM, i. e. M� . In each mode
the transformation matrixM results from embedding the matrix

M� =

�
a b
c d

�
(1)

into a m�m identity matrix, such that a becomes mi;i, b becomes
mi;j , c becomes mj;i and d becomes mj;j , where mk;l is the ele-
ment ofM at row k and column l. Table 1 shows the values for a,
b, c and d according to different modes.

Mode a b c d
(1), (3) 1 0 � 1
(2), (4) cos � sin � � sin � cos �

Table 1. Elements of matricesM andM�, respectively, in differ-
ent modes.

Another operator that is used is the element-by-element prod-
uct � of two matrices of same size. Product X = A� B means
xi;k = ai;kbi;k for all possible i; k. Finally, the interchange oper-
atorX k;l

i;j fXg changes position of elements xi;j and xk;l in matrix
X while leaving all other elements untouched.

4. HARDWARE REALIZATION OFM

Using the matrix manipulation operator proves convenient when
it comes to hardware realization. The basic hardware module is
a processing element (PE) with three input and three output ports
and one configuration port. Table 2 lists the correspondence be-
tween the modules and operatorM for each possible configuration
and mode, respectively.

Processor Element

Basically, the PE a is reconfigurable CORDIC (COordinate Rota-
tion on a DIgital Computer) cell. The CORDIC algorithm makes
it possible to carry out vector rotations (and hence to calculate
trigonometric functions) only by using shifters and adders, which
is very attractive from a hardware point of view[1][2]. The general
CORDIC iteration is given by�

xk+1
yk+1

�
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�
1 mdk2

��k

�dk2
��k 1

��
xk
yk

�
(2)

�k+1 = �k + dk�k (3)

Dependent on the choice of m and �k we can distinguish between
different types of CORDICs. Up to now, we support linear and
orthogonal mode which corresponds to m 2 f0; 1g and �k = k.

To perform a complete transformation, i. e. an application of
M, we have to loop through the iterations in equation (2) and (3).
The number of iterations depends on the wordlength of x and y
components and/or on the desired resolution of the results.

In the following we will sketch the main properties of our
CORDIC implementation that is depicted in Fig 1. The three input
ports of the PE are divided into the two vector components of the
vector that should be transformed (x; y) and into the transforma-
tion parameter �. Each of the three datapathes is assumed to be
implemented with a wordlength of w bits. Additionally a config-
uration port exists that is used for selecting the defined modes and
setting the factor �.
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Table 2. Processor elements (PEs) equivalent to the four modes of
M. In orthogonal modes it is also possible to configure the PEs to
perform a rotation with angle �� by setting a reverse angle bit in
the configuration word. In such case we use a _ instead of a ^
for the icons.

The configuration port in the current implementation has a
wordlength of eight bit. Fundamentally, a CORDIC element con-
sists of a series of shift-add stages as it can be seen in Fig. 1. In
case of the linear modes the chain consists of 16 stages; in case
of the orthogonal modes the first two stages are substituted or by-
passed by a pre-rotation stage that transforms the input vector into
a �45Æ segment in the x-y-plane.

Each stage carries out a so-called microrotation. Dependent
on the CORDIC mode, the steered adders that are part of each
stage are switched according to the value of �-data (mode 1,2) or
by examination of the sign of y.

The vector [x y] that results at the end of the chain is stretched
by a factor

1=K =
w�1Y
k=1

q
1 + d2k2

�2k (4)

and must therefore scaled appropriate to get the correct result.
This correction is implemented by two scalar multipliers. Another
scalar multiplication with � is required in the x-branch to imple-
ment the above mentioned matrix operator �. Here, we use only a
fixed set of four possible factors mainly to support exponentional
weighting as it is required in updating QR-algorithms [3](see be-
low for details).

A suitable interconnection of the basic modules corresponds to
an application ofM to am�n matrix. Fig. 2 shows the realization
ofM when it is applied to a four column matrixX. Because only
two rows of the matrixX are affected by the operation, only these
two rows (i and j) are processed by the module row. The series
connection of multiple matrix manipulators that transform differ-
ent rows of a matrix therefore yields to a cascading of multiple
module rows.
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Fig. 1. Internal structure of the CORDIC PE. The pre-rotation is
only necessary in orthogonal modes. In linear modes holds K =
1.

5. CONFIGURABLE HARDWARE ACCELERATOR

The PEs serve as arithmetic units of a special hardware accelerator
as it is shown in Fig. 3. Its architecture is described in [4]. The
current implementation basically consists of two PEs that are con-
nected to a fast memory interface. In each processing step the PEs
read data from one bank of the Read-Write-Memory and store the
output data in the other bank. The read addresses are generated
by the Configuration RAM while the write addresses are serially
incremented. After a number of activations of the PEs the micro-
processor interface takes over the control and is responsible for
data exchange with the host system.

The design of the accelerator could be easily extended by more
PEs working in parallel. Moreover, the PEs have a fixed interface
description that allows to exchange CORDIC PEs by other PE im-
plementations that support some other class of algorithms. See [5]
and [6] for the description of a MAC PE and a Reed Solomon PE,
respectively.

To illustrate the functionality of the accelerator in more detail,
we will study the design flow starting with a given algorithm. The
first design step in programming the hardware accelerator is the de-
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Fig. 3. Hardware accelerator structure.

velopment of a virtual array of interconnected processor elements.
If we have formulated an algorithm in terms of the operators we
have defined in section 3, it is also possible to assemble a processor
array.

The netlist of the virtual processor array is written to the con-
figuration RAM of the accelerator. The netlist not only contains
information about the interconnection of ports but also configura-
tion information that is necessary to set the operation mode of the
PEs.

The memory interface structure requires that exactly one reg-
ister has to be placed between interconnected ports of the PEs.
Therefore one has to watch the timing carefully to ensure a cor-
rect synchronization. On the other hand, the accelerator enables a
high degree of flexibility because it is allowed to change intercon-
nections and modes of processor elements during runtime. This
is possible due to the fact that the configuration RAM can hold
multiple configurations in parallel. We call this concept time vari-
ant netlists. Mapping tools have been developed to automate the
process of synthesizing the appropriate description files.

6. SELECTED ALGORITHMS

Here we will present some algorithms that belong to the above de-
fined class of algorithms. We will focus on algorithms that are



completely or partially based on an update QR decomposition.
This choice is motivated by the high usefulness of these algorithms
is the area of digital signal processing.

6.1. QR-Decomposition for Solving LS-Systems

The QR-decomposition of a m � n (m > n) matrix X into a
productQ[RT 0]T , whereQ is a m�m orthogonal matrix and
R is a n � n upper triangular matrix constitutes a fundamental
technique for the efficient and numeric stable solution of overde-
termined linear systems. Based on the equations

min
w

jjXw � yjj22 , min
w

jj[RT
0]Tw�QT

y| {z }
yq

jj22 (5)

the solution w can be easily calculated by a backsubstitution pro-
cess. Note, that the transformationQTX that is used to convertX
into an upper triangular matrix has also be applied to vector y.

Since the calculation and application of QT can be viewed as
a sequence of elementary 2�2 matrix transformations, the process
can be described in terms of the matrix manipulation operator:

CalculateR and yq , such that
X = Q[RT 0]T and yq = QTy

for i = 1 : n
for j = i+ 1 : m

[Xjy] 
^

Mi;jf[Xjy]g
end

end
R X

yq  y

The mapping of this algorithm to a virtual processor array now
is straightforward. Basically, it is done by a vertical concatenation
of n module rows, each of them with a structure as depicted in
Fig. 2. However, since each y-output of the leftmost PE generates
a zero, the number of cells is reduced by one from row to row. This
results in a triangular processor array as it is shown for n = 3 in
Fig. 4. Note that there exist internal feedback connections from x-
out to x-in. These are necessary to hold intermediate results. After
n activations of the complete array the feedback registers contain
the elements of matrixR and vector yq .

The number of rows m of matrix X is arbitrary using this
algorithm, because with each processing step a new row of the
matrix is processed by the array. Hence, this method is also called
Updating QR-Algorithm.

For solving the system, we still have to perform the backsub-
stitution. A backsubstitution array that is fed with the content of
the feedback registers as proposed e. g. in [7] would be one possi-
bility to handle the problem.

On the other hand, it is also possible to exploit the on-line re-
configuration capabilies of the virtual array. For this purpose we
have to reconfigure the PEs from orthogonal mode to linear mode
after n processing steps. If at the same time the input data is ad-
justed properly, the array output yields a sequence containing the
elements of vector w. The method is based on the Schur comple-
ment [8], that states

Mn;2n � � �M1;n+1

��
R yq
In;n 0n;1

��
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Fig. 4. Basic QR-decompositon array.
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Fig. 5. Two modes of the QR-decomposition array. Note that in
this simplified notation each interconnection between ports corre-
sponds to a unit delay. After n activations of the left array the
R matrix and vector yq is stored into the internal registers. To
perfom the backsubstitution, the PEs are switched to linear mode
(right array).

It becomes obvious, that the solution w = R�1yq is contained
in the transformed matrix in the lower right part. Regarding the
virtual array, this means that with every activation one element
wi is produced by the y-output port of the lowermost PE if the
vectors [1 0 0 0], [0 1 0 0] and [0 0 1 0] are fed into the array one
after another. The swithing process and the two virtual arrays,
respectively, are shown in Fig. 5.

6.2. Complex valued signal processing

Complex number arithmetic plays an important role in various sig-
nal processing algorithms. However, typical arithmetical architec-
tures only support calculations in the real number system. This
is not a real problem due to the fact that complex arithmetic can
be expressed in terms of real arithmetic. A complex multiplica-
tion, e. g., can be substituted by 4 real multiplication and 2 real
additions or by 3 real multiplications and 5 real additions [9]

If the basic algorithmic operations are not summations and
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Fig. 6. A module row that corresponds to the one shown in Fig. 2
but for complex valued input and only three input columns.

multiplications but, like in our case, real valued matrix transfor-
mations the transition from complex to real becomes slightly more
difficult. As described in [10] a unitary or linear 2�2 matrix trans-
formation can be expressed by a sequence of 4 real valued 2 � 2
matrix transformation. However, it is possible to implement the
complex transformation by means of only 2 or 3 real PEs in typ-
ical applications like the here mentioned QR-decompositon based
algorithms. The resulting complex module row is shown in Fig. 6.

Note that in case of using feedback branches as they are nec-
essary in complex QR-updating the feedback path now goes from
x-out to y-in. This means that if the hierarchical complex cell is
switched from unitary to linear transformation mode, these con-
nections have to be rewired to a x-out ! x-in feedback connec-
tion in order not to destroy the register entries. Here the on-line re-
configuration capabilies of the interconnection structure becomes
evident.

6.3. Example 1: Least squares solution, calculation of e(m)

A couple of applications require the solution of an overdetermined
system of linear equations like [7]

min
w

jjXw � yjj22

with e(m) = X(m; :)wopt � y(m); (7)

where X is a m� n matrix, without explicitly calculating the so-
lution vectorwopt; sufficient is a calculation of the last component
of the error vector e = Xwopt � y.

The above defined notation allows a very compact formulation
of an algorithm that solves the problem:

B =Mn+1;n+2fX
n+1;n+1
n+2;n+1 f

^

Mn;n+1 � � �
^

M1;n+1fAggg (8)

Here,A andB are (n+2)�(n+2) matrices, whereA contains the
input data and bn+2;n+2 yields the negated error signal �e(m).
This formulation becomes more understandable with a view on
Fig. 7 where the matrix manipulation steps are illustrated.

The resulting virtual array structurely looks exactly like the
QR-decomposition array shown in Fig. 4 but is composed of the
complex modul row shown in Fig. 6.

In adaptive filtering applications the input data stream in usu-
ally of infinite length. In such case, the matrix X has also an infi-
nite number of rows; in each time step a new row is appended to
X. In order to take into account only data symbols from the near
past an exponentional weighting factor � is introduced. Thereby
each data sample is scaled by a factor �(sample age). Referring to the
processor array this means that the internal feedback connections
have to be multiplied with � after each processing step.
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Fig. 8. Virtual processor array for the solution of a LS problem
with one constraint.

6.4. Example 2: Least squares solution with constraints, cal-
culation of e(m)

The problem mentionend in section 6.3 can be extended by intro-
ducing additional linear constraints. The problem formulation then
would be

min
w

jjXw� yjj22 subj. to Cw = b

with e(m) = X(m; :)wopt � y(m); (9)

where matrix C and vector b contain constants. A number of ap-
plications are based on this set of equations, e. g. adaptive beam-
forming [10], constrained MMSE detection [11][12] or pre-equa-
lization in OFDM systems [13]. All of these applications can be
implemented on the same virtual array; the only difference lays in
the assembly of the input data (matrix X and vector y) and the
number of constrained equations.

The incorporation of k linear constrains is achieved by substi-
tuting the first n rows modules of the array operating in orthogonal
mode by row modules operating in linear mode. Fig. 8 shows an
example for an array that solves equation (9) for a 3 column matrix
X and one constrained equation.

7. CONCLUSION

We have proposed a strategy for the efficent and flexible hardware
implementation of a class of algorithms that we call matrix based
signal processing algorithms. A common notation for these al-
gorithms was presented. A processing element that had been de-
veloped for the embedding in a special hardware accelerator was
presented. Algorithms that are based on a QR-updating process
have been used as an example to underline the capabilites of the
approach especially in complex valued signal processing. How-
ever, other applications as e. g. orthogonal filters, orthogonal signal
transformations or eigenvalue decompositions can also be incorpo-
rated into the presented framework.



Initialization: R(0) = 0n�n, yq(0) = 0

Calculate e(m) if R(m� 1) and yq(m� 1) are known:
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Fig. 7. Direct calculation of the error signal e(m). The last transformation to calculate eq(m) is again an application of the Schur
complement.
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