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ABSTRACT

The Jacobi method for singular value decomposition is well-suited for parallel architectures. Its application to signal
subspace computations is well known. Basically the subspace spanned by singular vectors of large singular values
are separated from subspace spanned by those of small singular values. The Jacobi algorithm computes the singular
values and the corresponding vectors in random order. This requires sorting the result after convergence of the
algorithm to select the signal subspace.

A modification of the Jacobi method based on a linear objective function merges the sorting into the SVD-
algorithm at little extra cost. In fact, the complexity of the diagonal processor cells in a triangular array get slightly
larger. In this paper we present these extensions, in particular the modified algorithm for computing the rotation
angles and give an example of its usefulness for subspace separation.

Keywords: Subspace methods, Singular value decomposition, Jacobi method, parallel architecture, optimization
on manifolds, Lie groups

1. INTRODUCTION

The singular value decomposition (SVD) of a m× n (m ≥ n) matrix X is defined as:

X = UΣV T

where U and V are orthogonal matrices composed of the left sided and right sided singular vectors, respectively,
and Σ = diag(σ1, σ2, . . . , σn, 0n×(m−n)) is a diagonal matrix containing the singular values (σi: i–th singular value).
Computing the SVD is a widely encountered problem in many signal processing applications (e.g. parameter esti-
mation, system identification).1,18 In general, there are two methods for computing the SVD17: (1) QR–algorithm
and (2) Jacobi (Kogbetliantz) method (we omit Arnoldi process based methods, here). The QR–algorithm with
preparatory bidiagonalization is computationally much more efficient than the Jacobi method. On the other hand,
however, Jacobi methods exhibit much more inherent parallelism than the QR–algorithm4 and yield the singular
values with higher numerical accuracy.15 Therefore, in real time signal processing applications parallel implementa-
tions of Jacobi methods are widely used.1 Similar techniques were considered in2 but there a ordinary differential
equation was discretized and iterated.

In contrary to the QR–algorithm which yields the singular values in descending order (σi ≥ σj , i > j), the Jacobi
method yields the singular values in arbitrary order, i.e., it is not known in advance in which matrix position certain
singular values and their associated singular vectors can be found. In general, the ordering of the singular values is
not a crucial criteria. When it comes to applications, however, singular values and singular vectors have a certain
meaning. In signal subspace estimation, the singular vectors of the large singular values span the signal subspace.
For this reason after the computation of the SVD by a Jacobi type method a selection algorithm has to be performed
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in order to find the base (singular vectors) of the signal subspace. This selection, or partial sorting is not a cheap
operation in a parallel environment. In tracking applications where only partial sweeps are performed, the on–line
selection gets even more important.

Computing the SVD can be considered an optimization process on a differential manifold.3 Usually, the opti-
mization (minimization) is done with respect to the off-diagonal norm. There is another simple objective function,
however, namely trace(NTX), where N is a diagonal matrix of suitable dimension. Taking this objective function
one gets the singular values in the same order as the entries of N (i.e. choosing nii > njj for i < j the Jacobi
method yields σi > σj). Thereby, a Jacobi method is obtained which enables a choosen ordering of the singular
values/vectors.

Here the parallel implementation of the Jacobi method based on the new optimization criteria trace(NTX)
is discussed. The resulting algorithm can be implemented on a parallel Jacobi array based on the cyclic–by–row
ordering scheme4 with a slightly higher complexity of the diagonal cells (essentially they have to determine if inner
or outer rotations are used19). More specifically, the diagonal entries of N have to be stored in these processors. In
each processor, the two entries of nii, njj control the rotation angle such that the singular values are sorted according
to a chosen ordering of N . The nii are moved between the processors according to the parallel ordering scheme
of the Jacobi method. Hence, it is always known in what processor certain singular values can be found. Since
parallel Jacobi schemes are usually cyclic, the k largest singular values can be found in the first k processors (for the
above chosen N). The same holds for the singular vectors (first k columns of V ). By slightly modifying (based on
a modified objective function) the tasks of the diagonal processors one is able to combine the parallelism of Jacobi
methods with the identification of certain singular values/vectors.

In section 2. the Jacobi method is considered as an optimization process on a differential manifold. Furthermore,
the simple objective function which yields the additional sorting feature of the Jacobi method is introduced. The
parallel implementation of the Jacobi method is discussed and the required modifications in order to include the
sorting of the singular values/vectors are shown. In section 3. Jacobi methods are applied to signal subspace
methods for spectral estimation. The simulations show the advantages of the sorting Jacobi method with respect to
a simple identification of the singular vectors spanning the signal subspace. Particularly, for on–line computations
of the signal subspace in time–varying environments the sorting is essential for the integration of the entire system
architecture.

2. A SORTING JACOBI SVD METHOD AND ITS PARALLEL IMPLEMENTATION

The application of Jacobi methods for signal subspace computations require a separation of large and small singular
values and its right singular vectors. The Jacobi algorithm, performed on a serial or parallel architecture doesn’t
provide any information on the position of the large singular values after convergence. To extract the singular vectors,
a sorting operation is needed. Regardless of their complexity, one has to spend additional hardware.

Recall that the computation of the rotation angles to minimize the off-diagonal norm requires the solution of a
quadratic equation if the transformation is composed of 2× 2 plane rotations. Clearly, there are two solutions.

To add the feature of sorting to the Jacobi-method, two approaches are possible:

1. rotation strictly in one direction (see below) while minimizing the off-diagonal norm

2. modification of the objective function to inherently sort the data.

Both approaches lead to almost the same algorithm but only the second one allows a proof of convergence. For the
first method, the rotation angles is not uniquely determined. and examples for of rotation angles sequences where
the algorithm does n’t converge are well known.5

For the analysis of SVD-algorithms, methods from differential geometry are helpful. Let Σ,N ∈ Rm×n (m ≥ n)
be rectangular matrices

N = diag(µ1, . . . , µn, 0n×(m−n))



Σ = diag(σ1, . . . , σn, 0n×(m−n))

wit µ1 > . . . > µn > 0 and σ1 > . . . > σn ≥ 0. The Lie groups O(n)×O(m) act on these matrices by

(U ,V ,X) 7→ UXV T .

The set of matrices with fixed singular values

M(Σ) = {UXV T |U ∈ O(n),V ∈ O(m),m ≥ n}

is an orbit of the group action and therefore a compact smooth manifold. Thus the computation of singular values
amounts to the construction of an objective function which has as minimum a diagonal matrix with the singular
values.

Algorithms for computing singular values or eigenvalues leave the Frobenius norm of the matrix invariant. Based
on this fact, the minimization of the off-diagonal norm

fq(X) = trace(XTX)− trace(diag(XT )diag(X)) (1)

during the computation by a sequence of orthogonal rotations (grouped together in sweeps) brings the matrix into
diagonal form (apart from nongeneric cases). The departure from the diagonal form is measured by a quadratic (!)
function in the xij (i 6= j).

Example: Given a 2× 2 matrix (d1 6= d2)

X =
(
d1

d2

)
.

This matrix constitutes one minimum of the above defined objective function fq but it is not the only solution
because the permuted diagonal entries X = diag(d2, d1) satisfy the minimum condition as well.

The objective function (1) is invariant under permutation. To show this we restrict to the case of a symmetric
matrix. Consider a diagonal matrixD and an orthogonal transformationQ. For the transformed matrix F = QTDQ

the function fq reads:

f(F ) = trace(QTDQQTDQ)− trace(diag(QTDQ)diag(QTDQ))

= trace(DTD)− trace(diag(QTDQ)diag(QTDQ)).

Taking a diagonal matrix (as matrix operation) and orthogonal similarity transformation commute if and only if
the similarity transformation maps D onto a diagonal matrix. Such an orthogonal transformation has to be a
permutation, that is, the objective function (1) is invariant under permutation. The fixed point of the minimization
procedure is not unique. For distinct singular values min(m,n)! different fixed points exist.

A unique minimum (multiple singular/eigenvalues excluded) will be obtained for a linear objective function which
was proposed by Brockett some time ago,63 (k = const):

fl(X) = ‖X −N‖22 = trace((X −N)T (X −N)) = −2trace(NTX) + k. (2)

This function measures the distance between the given data matrix and the prescribed matrix N and leads naturally
to a linear objective function. This is true because the terms trace(XTX) and trace(NTN) remain fixed under
orthogonal transformations. Since the function fl has to be minimized, the trace term is maximized. The function fl
is minimal, if and only if the entries of the diagonalized matrix X are sorted similar to N . N controls the ordering
relation.

The convergence of the SVD-algorithm for the objective function (2) was shown in7 and more8 by methods of
global analysis and differential geometry.

It is noteworthy that the application of SO(n) transformations only necessarily violates the positivity of the
singular values (consider the sign of the determinant). The sign of one singular value has to be free to cover negative
determinants.



A matrix X is a critical point (unique global maximum) of the objective function (2) if and only if

NXT = XNT and NTX = XTN . (3)

The global maximum is characterized by

X = diag(σ1, . . . , σn, 0n×(n−m)) for det(NTX) = 0 (4)

X = diag(σ1, . . . , σn) for det(NTX) > 0 (5)

X = diag(σ1, . . . ,−σn, ) for det(NTX) < 0 (6)

and σ1 ≥ σ2 ≥ . . . σn ≥ 0. The singular values are sorted.

To show the sorting property one considers a single transformation trace(NT etΩXe−tΠ) where Ω and Π are the
generators of the Lie group SO(2) embedded SO(n), SO(m) respectively. This can be done because the manifold is
smooth. The vanishing first derivative with respect to t yields its value for a critical point of the function and by
the second derivative one can check for minimum or maximum. This check is performed for all generators of the
orthogonal group, i.e., for each rotation direction (the generators span a linear space).

Example: Consider Xd =
(
x1

0 x2

)
, which is a critical point of the objective function fl. This can be seen from

d
dt
fl|t=0 =

d
dt

trace(NT etΩXde−tΠ)|t=0 = trace(NT (ΩXd −XdΠ)) = 0

(Ω = ω

(
0 1
−1 0

)
, Π = π

(
0 1
−1 0

)
) . For the second derivative holds

d2

dt2
(−fl)|t=0 = trace(NT (Ω2Xd+XdΠ2−2ΩXdΠ)) = −1

2
((ω−π)2(n1 +n2)(x1 +x2)+(ω+π)2(n1−n2)(x1−x2)).

This term is negative if and only if x1 > x2 with the above choice of N . Therefore fl is minimal (note the sign
convention).

The algorithm for computing the singular values by the Jacobi methods is shown in Figure 1. It splits in 2 steps
as opposed to 3 steps with the off-norm objective function (sorting as 3rd step).

Some comments are in order

• The sign correction by D is necessary to cover the case (6). Note, that it is also possible to compute the QRD
such that Ri,i > 0 already holds.14 The negative sign of the determinant is provided by Q. Otherwise special
orthogonal rotations do not suffice.

• The function rotsort is standard apart from the double framed lines of code. These lines have to be added
for sorting the singular values. Since the data are moved in the processor field, so does the diagonal of N .
Note that only the diagonal of N is really needed. The matrix notation is applied in the algorithm to clarify
the computations. The values N ij can be chosen almost arbitrarily (apart form being positive and sorted)
when starting the algorithm. In particular, its values can be tailored to hardware needs (e.g. special binary
representation).

• It is also possible to avoid the QR-decomposition by performing 2× 2 rotations/reflections (cf.7) dirctly on the
matrix X.

• The algorithm 6.2.1 – 6.2.3 in8 for singular value decomposition is based on the trace function maximization.
However the ordering control matrix N doesn’t show up explicitly but is incorporated in the selection of the
correct rotation angle. This is not needed in the case discussed there, because all rotations are performed such
that the large entries move to left upper corner. Due to the data transport on a parallel architecture the order
relation of the singular values is time-variant. Therefore the diagonal processors need further information for
the angle determination. Otherwise convergence is not possible.



Algorithm to decompose X ∈ Rm×n (m ≥ n)

1. QR-decomposition

2. Compute D in QDD−1R such that det(R(1 : n, 1 : n)) > 0

3. Diaognalize R(1 : n, 1 : n) by a cyclic scheme, e.g. by Brent and Luk,4

operating on 2× problems. Such a optimization problem is solvbed by
the algorithm rotsort.

function[U ,V ,Y ,N ] = rotsort(X,N);

P =
(

0 1
1 0

)
x1 = (X22 +X11)/2;
x2 = (X22 −X11)/2;
y1 = (X21 −X12)/2;
y2 = (X21 +X12)/2;
[W1,G1] = givrot([x1; y1]);
[W2,G2] = givrot([x2; y2]);
w1 = arctan(G1,21/G1,11);
w2 = arctan(G2,21/G2,11);

J1 =
(

cos(w1/2) − sin(w1/2)
sin(w1/2) cos(w1/2)

)
J2 =

(
cos(w2/2) − sin(w2/2)
sin(w2/2) cos(w2/2)

)
U = J1J

T
2

V = JT1 J2

Y = UXV T

If (N11−N22)(Y 11−Y 22) < 0)
U = PU

V = PV

end

% reflexion for parallel implementation
U = PU

V = PV

Y = PY P

N = PNP

end

Figure 1. Algorithm for SVD-Jacobi method and the diagonal processors of the triangular array.



• The algorithm rotsort only describes the computations of the diagonal cells for a general purpose computer.
Practical implementations would use hardware specific implementations of the rotation computations, e.g., the
CORDIC algorithm as in.16,13 This does not effect, however, the specific computations required for the sorting
feature.

The triangular array Brent and Luk4 can be utilized for parallel implementation of the SVD-Jacobi algorithm.
The preparatory QR-decomposition can be performed on the same array.9

On a parallel architecture the data are moved around in the processor field. However, the index sequence of
the rotations is fixed and known. In the triangular array of Brent an Luk the the rotations are determined in the
diagonal processors. These rotations correspond to rotations in the first subdiagonal. The index scheme guarantees
that each off-diagonal entry is moved into either of these matrix positions exactly once.

All schemes are cyclic. Thereby, the matrix N appears in the same ordering as the initialization after a known
number of sweeps.

To illustrate the procedure we consider a matrix containing the indices as entries and don’t perform any rotations
but transport the data only. Then, the diagonal processor cells permute the data as shown in (7):

11 12 13 14 15 16
21 22 23 24 25 26
31 32 33 34 35 36
41 42 43 44 45 46
51 52 53 54 55 56
61 62 63 64 65 66

 →



22 24 21 26 23 25
42 44 41 46 43 45
12 14 11 16 13 15
62 64 61 66 63 65
32 34 31 36 33 35
52 54 51 56 53 55

 →



44 46 42 45 41 43
64 66 62 65 61 63
24 26 22 25 21 23
54 56 52 55 51 53
14 16 12 15 11 13
34 36 32 35 31 33

 →



66 65 64 63 62 61
56 55 54 53 52 51
46 45 44 43 42 41
36 35 34 33 32 31
26 25 24 23 22 21
16 15 14 13 12 11

 .

(7)

An orthogonal matrix Q ∈ O(n) is generated by n(n−1)
2 elementary rotations (parameters). The processor field

computes n− 1 (n matrix dimension) rotations in the first subdiagonals in parallel. The data transportation assures
that each matrix entry is moved into this diagonal exactly once in each sweep. This is only one out of many
possibilities.

As as result, after n
2 sweeps, the entries are reflected at the main diagonal and the antidiagonal of the matrix

with respect to their index. The next sweep brings the entries back to their initial position such that after n sweeps
the index positions are restored.

The diagonal of the control matrix N is transported in the same way as the data matrix:

diag( 1 2 3 4 5 6 ) → diag( 2 4 1 6 3 5 ) →
diag( 4 6 2 5 1 3 ) → diag( 6 5 4 3 2 1 ).

If the the Jacobi algorithm is able to compute the singular values such that they are ordered as N , then after
kn (k ∈ N ) sweeps, the large singular values can be read off from the last diagonal entries. They are in ascending
order. (Additional sweeps bring them up along the diagonal in descending order.)



3. APPLICATION TO SUBSPACE METHODS

To illustrate the algorithm we consider a spectral estimation problem. The unknown parameters in this case are
the sinusoidal frequencies where the received signal s(i) is taken to be the sum of k sinusoids contaminated with an
additive zero mean Gaussian white noise w(i):

s(i) =
k∑
l=1

al sin(ωli) + w(i)

Taking m samples s(i) (i = 1, . . . ,m) and forming data vectors xT (i) with dimension n, i.e., xT (i) = [s(i) s(i −
1) . . . s(i− n+ 1)] the data matrix X is given as follows:

X =


xT (1)
xT (2)

...
xT (m)


Subspace methods for parameter estimation require the computation of the SVD of the data matrix X in order

to determine the signal and the noise subspace. Given the SVD X = UΣV T , where σ1 ≥ σ2 ≥ . . . ≥ σk À σk+1 ≥
. . . ≥ σn the signal subspace S is determined by the right singular vectors associated with the large singular values,
i.e., S = span{v1, . . . ,vk} and the noise subspace N is determined by the right singular vectors associated with the
small singular values, i.e., N = span{vk+1, . . . ,vn}. The gab between the smallest signal singular value σk and the
largest noise singular value σk+1 is determined by the signal to noise ratio (SNR). Once the signal subspace and the
noise subspace are determined the unknown parameters can be computed using ESPRIT10 or MUSIC.11

In our example we use m = 50 sample points generated from

s(i) = sin(2π0.1i) + sin(2π0.25i) + w(i)

The data vectors are of dimension n = 8. Thereby, data matrices of dimension 30 × 8 is formed for various values
of SNR. In order to determine the signal subspace of X we compute the SVD of X by the original Jacobi SVD
method and the sorting Jacobi SVD method. For the sorting Jacobi SVD method N = diag(1, 2, . . . , 8) is used. In
figure 2 the computed singular values are shown as they appear on the diagonal of Σ. The ordering of the singular
values in Σ is the same as the ordering of the singular vectors in V . Obviously, if the Jacobi SVD method is used
an additional ordering (sorting) of the singular values/vectors is necessary. The position of the small singular values
is at random and is influenced by the noise level. A complete sorting is necessary to drop the noise subspace.

If the sorting Jacobi SVD method is used the singular values and singular vectors are obtained in increasing order
(as determined by the ordering of N). The variation of the singular values in position i depends smoothly on the
noise level.

Therefore, the sorting Jacobi method is particularly advantageous in parallel implementations, where the signal
subspace is the input for subsequent computations (e.g. in ESPRIT algorithms10 or subspace model identification12).
In order to put the different steps of the algorithm together the Jacobi SVD method would require a sorting of the
singular values and singular vectors before the data could be transferred to the subsequent computational units.
Using the sorting Jacobi SVD method the signal subspace can always be found in the k dominant columns (defined
by N) of V .

4. CONCLUSIONS

In this paper we have presented an algorithm for subspace separation which can be performed on a parallel architecture
without sorting the subspace vectors. This was possible by use of an alternative objective function, known in the
literature, and corresponding modifications of the processor cells in the triangular array. Performing this sort Jacobi
algorithm on a serial architecture does not require explicit introduction of a sorting matrix N because, the order
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Figure 2. The plots show the values of the singular values (σi for i = 1, . . . , 8) as computed by the standard Jacobi
SVD method (left) and the sorting Jacobi SVD method (right) for different values of SNR.



relation is fixed for every sweeps. One only has to rotate strictly in the direction such that in each 2×2 sub-problem
the diagonal entries are sorted.

On a parallel architecture, the data are transported to obtain optimal parallelism. For this reason, the ordering
relation has to be updated after each rotation. The matrix N is also moved around. The cyclic structure of the
processing scheme guarantees a strict order relation of the singular values and singular vectors after a certain number
of sweeps (if the algorithm is close to convergence).
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