
� X1 = In: The 2{norm matrix approximation

for computing X̂2 such that kX2 � X̂2k2 < 
[13, 8, 6]. The presented Schur{type method uses
a preparatory QRD ofX2 and applies Algorithm
2 to [In B

T ]T using only n hyperbolic rota-
tions, while in [13, 8, 6] the required number of
hyperbolic rotations is not well de�ned such that
it is di�cult to elaborate the numerical behavior
of these methods.
Using X1 = "I the Schur algorithm can be
applied to condition estimation or "{rank de-
cision to determine if an iterative re�nement
step is worthwhile for the least squares problem
kX2y � bk2 ! min.

Remark 4 Extension to more than two matrices:

� The triangularization of a m � n Toeplitz ma-
trix X can be expressed as a generalized Schur
algorithm [10, 11]. From X one obtains upper
triangular matrices A1, A2, B1, and B2 such
that

P =

2
4 A1

A2

B1

B2

3
5 +
+
�
�

: (18)

The straightforward extension of the above gen-
eralized Schur{type method applied to P yields
the upper triangular Cholesky factorR ofXTX

in O(n2) operations.

5. CONCLUSIONS

Based on a subspace criteria Schur{type methods re-
quiring a minimal number of hyperbolic rotations
were derived. By using a minimal number of hyper-
bolic rotations it is possible to relate the hyperbolic
rotations to the implicit downdates of standard ma-
trix decompositions. Therefore, the numerical prop-
erties (e.g. breakdown) of the Schur{type methods
can be deduced from the properties of the known ma-
trix decomposition algorithms. Various algorithms
which emerged independently in linear algebra and
signal processing are shown to be essentially variants
of the presented Schur{type methods based on sub-
space criteria (see remarks 3 and 4).
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Appendix

Algorithm 1 (Schur algorithm (algebraic))
Initialization: a0k = ak ; b0k = bk

for i = 0; 1; 2; : : : ; n� 1

�i  bi
0

ai
0

; Hi  1p
1��2

i

h
1 ��i
��i 1

i
�

ai+10 ai+11 � � �
0 bi+11 � � �

�
 Hi

�
ai0 ai1 � � �
bi0 bi1 � � �

�
�

ai+1
0

ai+1
1

� � �
bi+10 bi+11 � � �

�
 
�

ai+1
0

ai+1
1

� � �
bi+11 bi+12 � � �

�

endfor

Algorithm 2 (Generalized Schur algorithm)

Given P =
�
AT BT

�T
as computed from S using (9)

this algorithm computes [�1 �2]
T
R. For the positive

de�nite case j�ij < 1 holds for all i and one obtains
�1 = In and �2 = On.

for i = 1 : n
�i = pi+n;i=pii
if j�ij < 1; � �i; k = n; endif %(pos. def.)
if j�ij > 1; � 1=�i; k = 0; endif

H  1p
1��2

h
1 ��
�� 1

i
P  �i;i+n(H) �P
for j = i+ 1 : n

�  pk+i;j=pk+j;j

G 1p
1+�2

h
1 ��
� 1

i
P  �k+i;k+j(G) � P

endfor
endfor



i.e.,

�
h
A
B

i
+
� =

h
R
O

i
+
� =

h
In
O

i
R ; (11)

where

� =
nY

k=n

�k;sn(Hnk) � � �
nY

k=2

�k;s2(H2k)

nY
k=1

�k;s1(H1k) ;

(12)
R is upper triangular and S = RTR. According to

A
T
A�BT

B = RT
R�OT

O;

we have indicated by the signatures in (10) and (11)
that the rows of A and B (resp. R and O) are in
a positive subspace and a negative subspace, respec-
tively. Since all transformations combine the rows
of A with the rows of B, i.e., the rows in the posi-
tive subspace with the rows in the negative subspace,
all rotations are of the hyperbolic type. The di�er-
ence in computing � in (6) and (12) is that in (12),
since A and B are not Toeplitz, the n(n + 1)=2 hy-
perbolic rotations that are computed for annihilating
the n(n+ 1)=2 elements of B are all di�erent. This
corresponds to the algorithm presented in [2].
It is possible, however, to minimize the number

of hyperbolic rotations, by annihilating the matrix
elements in di�erent order and planes. For that pur-
pose the matrix elements of B are annihilated row{
by{row, where only the diagonal elements bii of B
are annihilated by elementary J{orthogonal trans-
formations �i;i+n(Hi). The remaining elements bij
(j = i+1 : n) of the i{th row can be annihilated by el-
ementary orthogonal transformations �i+n;j+n(G).
Here the i{th row of B is combined with the j{th
row of B. Since both rows are in the negative sub-
space, orthogonal transformations can be used. This
is summarized in Algorithm 2,where j�ij < 1 for all i
for positive de�nite cases (see appendix).
If the minimal number of hyperbolic rotations is

used, the n hyperbolic rotations can be related to
the n implicit downdates that appear in computing
the diagonal elements of the resulting matrix R in
the standard algorithm for computing the Cholesky
decomposition [5]. Therefore, as there is no mathe-
matical breakdown of the Cholesky decomposition for
symmetric positive de�nite matrices, the same holds
for the generalized Schur algorithm, which uses the
minimum number of hyperbolic rotations. The possi-
bility of a breakdown for general matrices is reduced
to the breakdown of the n hyperbolic rotations.

4.2. Symmetric Inde�nite Matrices
The main di�erence between the symmetric positive
de�nite case and the symmetric inde�nite case is that
the generation of zeros is no longer restricted to the
negative subspace, i.e., to matrix elements in the
lower n rows (B) of P . If the J{orthogonal trans-
formation �i;i+n(Hi) for annihilating bii does not
exist (j�ij > 1), Hi is computed so that aii is an-
nihilated (i.e., the zero is generated in the positive
subspace by using � = 1=�i instead of � = �i). Then
the remaining elements aij (j = i+ 1 : n) of the i{th
row of A are annihilated using orthogonal transfor-
mations�i;j(G) acting in the positive subspace only.
Therefore, the only di�erence from the positive def-
inite case is that j�ij > 1 can occur and that in this
case a zero row is generated in the positive subspace
instead of the negative subspace. This possibility is
already included in Algorithm 2 (see appendix).
In general, we obtain the following factorization

�
h
A
B

i
+
� =

h
�1

�2

i
R ; (13)

where �1 = diag[�1i], �2 = diag[�2i] are n� n diag-
onal matrices with zeros and ones as their diagonal
elements. The total number of ones on the diagonals
of �1 and �2 is exactly n, and �1i 6= �2i holds for all
i. Therefore, we obtain

S = AT
A �BT

B = RT
DR ; (14)

where
D = �T

1 �1 ��T
2 �2 ;

i.e., the RTDR{decomposition of S with signature
matrix D.
Again the n hyperbolic rotations correspond to the

n implicit downdates in the standard algorithm for
computing the RTDR{decomposition. The stan-
dard algorithm fails when theRTDR{decomposition
of S does not exist. In the Schur{type algorithm
this leads to a Schur parameter � = 1 (hyperbolic
rotation does not exist). Therefore, using a Schur{
type method (13) does not remove this problem if the
upper triangular structure of R must be preserved.
However, the Schur{type methods can be extended
to the singular case [9, 16]. By applying orthogonal
transformations from the right hand side, the singu-
lar cases (� = 1) can be omitted and one obtains

�
h
A
B

i
Q

T =
h
�1

�2

i
R ; (15)

such that
S =MT

DM ;

where D is still the diagonal signature matrix but
M = RQ is no longer upper triangular (it can be
computed to be as close as possible to the upper tri-
angular structure). Strategies for dealing with these
singular cases in Schur{type methods have been pre-
sented in [3]. The discussions in this section show
that the Schur{type methods also allow extensions of
known matrix decompositions to more general matri-
ces.

4.3. Arbitrary Matrices

Let an m1 � n matrix X1 (m1 � n) and an m2 � n
matrix X2 (m2 � n) have their QR decompositions

X1 = Q1

h
A
0

i
X2 = Q2

h
B
0

i

respectively, where A and B are upper triangular
n� n matrices. Then with

P =
h
A
B

i
+
� ; (16)

the generalized Schur algorithm 2 computes (13), i.e.
the decomposition

X
T
1X1 �XT

2X2 = R
T
DR ; (17)

as in (14).

Remark 3 For two special cases withX1 = In and
X2 = In, respectively, there are some important
applications in linear algebra and signal processing:

� X2 = In: The implicit Cholesky decom-
position of Fernando and Parlett [4] and von
Matt [14] is actually the presented Schur{type
method, where  is the shift for the singular
value computation. The presented Schur{type
method for arbitrary matrices also allows shifts
larger than the smallest singular value without
causing a breakdown of the algorithm.



De�nition 2 The 2n � 2n matrix �k;l(F ) which
is obtained by embedding of the 2 � 2 matrix F =h

k11 k12
k21 k22

i
in the 2n�2n identity matrix I2n such

that

k l

�k;l(F ) =

2
6666666664

1 0 0 0
. . .

...
...

0 � � � k11 � � � k12 � � � 0
...

. . .
...

0 � � � k21 � � � k22 � � � 0
...

...
. . .

0 0 0 1

3
7777777775

k

l

is an elementary J{orthogonal transformation if F =
H, and an elementary orthogonal transformation if
F = G, respectively.

3. THE SCHUR ALGORITHM

Schur stated that in order to put the criterion for the
boundedness of a given power series in a more elegant
form, we should not start with a power series but with
the quotient of two power series [12]. De�ning c(z) as
a fraction, i.e. c(z) = b(z)=a(z) with b(z) = c(z) and
a(z) = 1, also leads to a linearization of the bilinear
form (1).
As there is an isomorphism between power series

and upper triangular Toeplitz matrices, it is possible
to represent the power series

a(z) = a0 + a1z + a2z
2 + : : :

and
b(z) = b0 + b1z + b2z

2 + : : :

by upper triangular Toeplitz matrices A and B,
where

A =

2
66664

a0 a1 a2 � � �
a0 a1 a2 � � �

a0 a1 a2 � � �
. . .

. . .
. . .

3
77775 (4)

and B is de�ned similarly.
Assuming that the polynomials are of degree n�1,

de�ne a 2n� n matrix P

P =
h
A
B

i
: (5)

The elementary J{orthogonal transformations
which annihilate the elements of matrix B diago-
nalwise are all de�ned by the same hyperbolic ro-
tation for each diagonal. For example,H1 de�nes all
the transformations which annihilate the b0's on the
diagonal of B. Then the necessary Toeplitz struc-
ture is preserved for the next subproblem. With
si = k + n � (i� 1), de�ne

� =

nY
k=n

�k;sn(Hn)

| {z }
�n

� � �
nY

k=2

�k;s2(H2)

| {z }
�2

nY
k=1

�k;s1(H1)

| {z }
�1

:

(6)
Then � is a 2n � 2n J{orthogonal transformation
composed of n(n + 1)=2 elementary J{orthogonal
transformations �k;si(Hi) such that

�
h
A
B

i
=
h
R
O

i
; (7)

where R is an upper triangular matrix which cor-
responds to the Cholesky factor of ATA � BTB.
This is a formulation of the Schur algorithm with
a lot of redundancy since the Toeplitz structure of
A;B is not taken into consideration. The redun-
dancy can be removed by simply skipping the re-
peated computations in (7) which is apparently an
O(n3) method. Then the decomposition (7) can be
computed in O(n2), i.e. it reduces to the original
Schur algorithm (Appendix: Algorithm 1). However,
the formulation of the algorithm as in (6), (7) serves
as the basis for the generalizations of the Schur algo-
rithm to more general matrices.

4. GENERALIZATIONS OF SCHUR'S
ALGORITHM

In this section we show the generalization of the Schur
algorithm progressively from special matrices to more
general matrices.
As shown in [2] every symmetric matrix S can be

expressed as

S = AT
A�BT

B ; (8)

where A and B are upper triangular. Since the ma-
trix S can be represented as

S = UT +DS +U

where U is the strictly upper triangular part of S
and DS is the diagonal part of S, we can de�ne A
and B as

A =
1

2
(DS + 2U + I) B =

1

2
(DS + 2U � I) :

(9)

According to the signs of ATA and BTB in (8)
we can construct a 2n� n matrix

P =
h
A
B

i
+
� ;

where the rows of A form a positive subspace and
the rows of B form a negative subspace. The desired
decomposition is then obtained by annihilating the
matrix elements by hyperbolic or circular rotations.
The type of each rotation for annihilating a speci�c
matrix element is determined as follows:

If two rows in the same subspace (i.e., both
in the negative or both in the positive sub-
space) are combined in annihilation, a cir-
cular rotation is used.
If two rows in subspaces with di�erent sig-
nature are combined in annihilation, a hy-
perbolic rotation is used.

By applying this rule for choosing the type of rota-
tion and using an appropriate ordering scheme for the
annihilation of the matrix elements, it is possible to
minimize the number of required hyperbolic rotations
in Schur{type methods. For example, the hyperbolic
Cholesky decomposition of [2] can be computed with
n hyperbolic rotations and n(n� 1)=2 circular rota-
tions (in [2] n(n+1)=2 hyperbolic rotations are used).

4.1. Symmetric Positive De�nite Matrices
The generalization of the Schur algorithm to symmet-
ric positive de�nite matrices without Toeplitz struc-
ture is straightforward. It is similar to the procedure
which is described in the previous section except that
unlike in Toeplitz case, there will be no redundant
computations in general.
The hyperbolic Cholesky decomposition of S is

obtained by applying a sequence of elementary J{
orthogonal transformations to the 2n� n matrix

P =
h
A
B

i
+
� ; (10)
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ABSTRACT

Generalizations of the Schur algorithm are presented
and their relation and application to several algo-
rithms in signal processing and linear algebra is elab-
orated. Based on an algebraic formulation, Schur's
algorithm (for symmetric positive de�nite Toeplitz
matrices) is generalized to more general matrices
such as symmetric positive de�nite matrices, sym-
metric matrices, and general rectangular matrices.
The resulting Schur{type methods are related to ma-
trix decompositions such as Cholesky decomposition,
RTDR{decomposition, and implicit Cholesky de-
composition. When the number of hyperbolic rota-
tions is minimized (which simultaneously maximizes
the number of circular rotations) based on a subspace
criteria, the relationship between the Schur algorithm
and these decompositions as well as the suitability
of the Schur algorithm for various signal processing
applications (particularly signal/noise subspace esti-
mation) becomes evident.

1. INTRODUCTION

In his 1917 paper `�Uber Potenzreihen, die im Inneren
des Einheitskreises beschr�ankt sind' [12] Issai Schur
presented a continued fraction algorithm for deter-
mining if an analytic function c(z) given by its power
series expansion

c(z) = c0 + c1z + c2z
2 + : : :

convergent for jzj < 1 satis�es the condition jc(z)j <
1. The algorithm gives an intrinsically parametric
representation for the coe�cients of the power series
by a sequence of complex numbers �i (i = 0; 1; 2; : : :),
which are called Schur parameters. With c0(z) =
c(z),

ci+1(z) � 1

z
� c

i(z)� ci(0)

1� �ci(0)ci(z)
; i = 0; 1; 2; : : : (1)

yields a �nite or in�nite sequence of functions, where
the overbar denotes complex conjugation. By using
the Schwarz Lemma it can be shown [12] that jc(z)j <
1 holds for jzj < 1 if and only if the Schur parameters
full�ll

j�ij � jci(0)j < 1 ; i = 0; 1; 2; : : : : (2)

This parametrization of function c(z) has an alge-
braic analogue in the parametrization of a symmetric
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the National Science Foundation grants CCR-9209726and
CCR-9509085. Part of this work was done while visiting
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positive de�nite Toeplitz matrix. If �i are the ro-
tation angles of the hyperbolic rotations required for
computing the hyperbolic Cholesky factorization [2] of
the respective Toeplitz matrix, the Schur parameters
are given by �i = tanh(�i). In recent years various
generalizations and applications of Schur's algorithm
were presented mainly based on the concept of dis-
placement rank (see [15] and the references therein).
In this paper we present a derivation of Schur{

type methods based on a subspace criteria. For that
purpose we describe the related factorization and
parametrization problems for an n� n matrix using
a 2n� n matrix, where n rows are in a positive sub-
space and n rows are in a negative subspace [7] (for
rectangular matrices we assume a preparatory QR
decomposition). The presented derivation and the re-
sulting algorithm does not require any assumptions
on the displacement rank of the matrices. It works for
arbitrary matrices with a minimal number of hyper-
bolic rotations. The subspace criteria also reveals the
connection to subspace estimation in signal process-
ing [8]. Furthermore, the numerical behavior of the
Schur algorithmwith a minimal number of hyperbolic
rotations can directly be related to some well-known
matrix decompositions. Therefore, many algorithms
in linear algebra and signal processing can be incor-
porated into the presented framework of Schur{type
methods: the shift of the singular values in the qd{
algorithm, low{rank matrix approximation and sub-
space estimation, the "{rank decision for the solution
of a least squares problem, and the fast triangular-
ization of m� n Toeplitz matrices (m � n).

2. J-ORTHOGONALITY

De�nition 1 A 2n� 2n matrix � is said to be J{
orthogonal with

J =
h
In 0
0 �In

i

if it satis�es

�T
J� = J : (3)

� is orthogonal if it satis�es (3) with J = I2n.

Remark 1 The Givens rotation

G =
1p

1 + �2

h
1 ��
� 1

i

is a 2� 2 orthogonal matrix (� = tan �).

Remark 2 The hyperbolic rotation

H =
1p
1� �2

h
1 ��
�� 1

i

is a 2� 2 J{orthogonal matrix (� = tanh �).


